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Some simple observations onerning ertain κ-deformations in
the framework of 2D dilaton gravity formulated as Poisson-sigma
models are disussed, and the question of (non-)triviality is ad-
dressed.
1. Introdution
Certain astrophysial observations have motivated the
study of κ-deformed Poinare-algebras, e.g. in the on-
text of Doubly Speial Relativity (heneforth DSR; for
a reent review and more referenes f. e.g. [1, 2, 3℄). It
might be helpful to onsider the simpler ase of D = 2
first to settle open oneptual questions (espeially on-
erning gravity). The first work in this diretion ap-
peared only reently [4℄. In the present note when talk-
ing about κ-deformations1 we will exlusively refer to
the deformation introdued by Magueijo and Smolin [3℄,
whih differs from the original proposal [5℄.
2
Moreover, it seems to be an interesting task by it-
self for purely mathematial reasons. Indeed, Izawa has
shown a few years ago, that the most general onsis-
tent deformation (in the sense of Barnih and Henneaux
[7℄) of a Poisson-σ model (PSM) is again a PSM with
the same number of target spae oordinates [8℄. Sine
dilaton gravity without matter in 2D is merely a very
speial PSM [9℄ this result applies to it as well. Thus,
generi onsistent deformations of dilaton gravity in 2D
are mathematially feasible.
The desription of dilaton gravity in terms of a PSM
has turned out to be very fruitful  e.g. all lassial so-
lutions have been obtained loally and globally within
this approah [10℄ and even in the presene of matter
an exat quantization of geometry has been ahieved
[11℄, with interesting phenomenologial appliations for
sattering proesses [12℄. For a reent review on dilaton
gravity in 2D ref. [13℄ an be onsulted.
In the present note we intend to disuss a very sim-
ple question in the framework of twodimensional dilaton
gravity: are κ-deformations trivial or not (and in what
sense are they (non)trivial)?
2. Triviality of deformations
Let the momenta pa and the generator of boosts J satisfy
the undeformed Poinare algebra in 2D:
[p0, p1] = 0, [J, p0] = p1, [J, p1] = p0 . (1)
An elementary alulation shows that the generators
Pa =
pa
1 + p0/κ
, J , (2)
with a = 0, 1 satisfy the κ-deformed relations:
[Pa, Pb] = 0 ,
[J, J ] = 0 ,
[J, P0] = P1 − κ
−1P1P0 ,
[J, P1] = P0 − κ
−1P 21 .
(3)
Obviously for κ → ∞ the undeformed algebra is reov-
ered. It is also instrutive to invert (2):
pa =
Pa
1− P0/κ
. (4)
Clearly the deformation is algebraially trivial.
3
The
whole effet is a hange of variables (2). Therefore, it
seems natural to do the same hange of variables in the
PSM, the ation of whih reads [9℄
LPSM =
∫
M2
[
dXI ∧AI +
1
2
PIJAJ ∧AI
]
. (5)
1
Of ourse, κ-deformations do not automatially imply DSR, nor vie versa.
2
By κ-deformation of Poinare algebra only the deformation of the algebrai setor is onsidered in the present work, haraterized
by some fundamental mass parameter κ. In [5℄ there was proposed the framework with quantum κ deformation, introduing as well the
deformed nonsymmetri oproduts in the oalgebra setor, whih leads to nonommutative spae-time [6℄.
3
This has been pointed out in ref. [2℄. This statement also reminds one of the rigidity results on deformations of Lie algebras [14℄.
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For dilaton gravity (assuming Lorentzian signature for
definiteness) the three gauge field 1-forms are AI =
(ω, e−, e+), where e± is the dual basis of 1-forms in light-
one gauge for the anholonomi frame and ω is relat-
ed to the spin-onnetion 1-form via ωab = ε
a
bω. The
three target spae oordinates XI = (X,X+, X−) on-
tain the so-alled dilaton X and two auxiliary fields
X± = (X0 ± X1) (again in light-one representation).
The Poisson-tensor PIJ depends solely on the target
spae oordinates, it is antisymmetri and fulfills the
Jaobi-identity PIN∂NP
JK + cycl.(IJK) = 0. Due to
the odd number of target spae oordinates this tensor
annot have full rank and hene for non-trivial models
exatly one Casimir funtion exists, related to the en-
ergy of the spaetime [15℄.
The simplest dilaton gravity model is obtained with
the free Poisson tensor
P =

 0 0 −X10 0 −X0
X1 X0 0

 , (6)
yielding vanishing urvature and torsion. In primed o-
ordinates
Xa
′
=
Xa
1 +X0/κ
, X ′ = X (7)
the Poisson tensor transforms as
PI
′J′ =
∂XI
′
∂XI
∂XJ
′
∂XJ
PIJ . (8)
Consequently, in the primed oordinates we obtain again
the free PSM with an extra term,
κ−1X1
′
Xa
′
ω ∧ ea
′
, (9)
whih is the result of Mignemi [4℄.
It seems natural to deform other dilaton models
(spherially redued gravity, the CGHS model [16℄, the
JT model [17℄, et.) in the same way [18℄ and to study
the orresponding global struture. Thus, the starting
point is the (undeformed) dilaton gravity ation
L =
∫
M2
[
XaDe
a +Xdω + ǫ
(
X+X−U(X) + V (X)
)]
, (10)
with ǫ = e+∧e− being the volume 2-form and XaDe
a =
X+(d − ω) ∧ e− + X−(d + ω) ∧ e+ ontains the tor-
sion 2-form in light-one representation. It is atual-
ly not neessary to restrit oneself to potentials of the
type X+X−U(X) + V (X)  a partiular lass of rele-
vant ounter examples an be found in ref. [19℄  but
for sake of simpliity this speial form will be assumed
in the present work beause it overs all speial models
referred to above. The following equations will be useful
∂X0
′
∂X0
=
(
1−
X0
′
κ
)2
,
∂X1
′
∂X1
= 1−
X0
′
κ
,
∂X1
′
∂X0
= −
X1
′
κ
(
1−
X0
′
κ
)
. (11)
By employing (8), (11) together with the relation
X+X− =
X+
′
X−
′(
1− X
0′
κ
)2 , (12)
the transformation law for the potentials is established:
U → U ′ = U
(
1−
X0
′
κ
)
, V → V ′ = V
(
1−
X0
′
κ
)3
(13)
Of ourse, the hange of variables onsidered above
is not an equivalene transformation: (i) it is singular;
(ii) it hanges the definition of the metri.
Invariants of the deformed model an be traed bak
easily to the undeformed ase. For example, the line
element
(ds)2 = e0
′
⊗ e0
′
(
1−
η0
κ
)4
−
(
e1
′
⊗ e0
′
+ e0
′
⊗ e1
′
) η1
κ
×
×
(
1−
η0
κ
)3
− e1
′
⊗ e1
′
(
1−
η0
κ
)2(
1−
η21
κ2
)
(14)
with ηa := X
a′
results from a target spae diffeomor-
phism (8) of the PSM, applied to the standard (ds)2 and
therefore must be invariant under the deformed trans-
formations. Clearly, a desription of the deformed ge-
ometry by means of (14) does not make muh sense be-
ause the deformation would be without effet on las-
sial solutions sine all singularities in e0
′
, e1
′
are om-
pensated by orresponding zeros. This follows already
from the previous general onsiderations, but it an be
heked expliitly by plugging the expliit solutions (15)
below into (14). The result is the original line element
(ds)2 = e0 ⊗ e0 − e1 ⊗ e1.
On the other hand, taking a non-invariant objet as
metri seems to be questionable from a physial point
of view. For instane, the urvature salar related to
the metri presented in [4, 18℄ depends on the hoie
of gauge, whih from a relativisti point of view is an
inonvenient feature.
Thus there seems to be no way to evade both, the
Sylla of triviality and the Charybdis of non-invariane.
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3. Deformed solutions
For a more expliit analysis we have to express the de-
formed zweibein in terms of the undeformed variables,
e0
′
=
(
1 +
X0
κ
)2
e0 +
X1
κ
(
1 +
X0
κ
)
e1 ,
e1
′
=
(
1 +
X0
κ
)
e1 . (15)
If we require non-triviality of the deformation a non-
invariant metri has to be employed, as disussed in
the previous setion. Sine there does not seem to exist
a better alternative (there is no anonial hoie), let us
assume that the physial metri is onstruted in the
usual way from the deformed zweibein (15), namely
g′µν = e
a′
µ ⊗ e
b′
ν ηab, where ηab is the flat metri.
4
As a demonstration one an hoose spherially re-
dued gravity (from arbitrary dimension D) as unde-
formed starting point. Equations of motion imply
Xa = ǫµνeaµ∂νX . (16)
The disussion will be restrited to the behavior of
the deformed solution in the asymptoti region of the
undeformed one. This is the simplest test for the valid-
ity of the deformed model. In this region we an apply
Shwarzshild gauge (ds)2 = ξ(dt)2−ξ−1(dr)2 with ξ(r)
and X(r) defined by [20℄
ξ (r) = 1 + 2C0 |1− a|
a
a−1 r
a
a−1
(
B
a
) 2−a
2(a−1)
, (17)
and
r =
√
a
B
1
|1− a|
X1−a , (18)
respetively. The onstants in these equations have the
following meaning: a = (D − 3)/(D − 2), B is a nor-
malization onstant (whih an be set to 1) and C0 is
the value of the Casimir funtion (for positive/negative
values a naked singularity/blak hole is desribed, re-
spetively; if it vanishes the Minkowskian ground state
is reahed). The (singular) limit D →∞, if treated with
are, yields the CGHS model.
Asymptotially (r →∞) one readily obtains
X ∼ r1/(1−a), X1 = 0, X0 ∼ ra/(1−a). (19)
One observes that for
1
2 ≤ a < 1 (i.e. for spherial re-
dution with 4 ≤ D <∞) the funtion
χ(r) = 1 +
X0
κ
(20)
whih haraterizes the strength of the deformation is
large, implying that asymptotially the model is being
deformed notieably.
5
This indiates that we are deal-
ing in fat with the old Fok version [21℄ of the deforma-
tions whih modifies physis at large distanes. Indeed,
the way in whih the generators XI have been inter-
preted orresponds to a deformation in oordinate spae
rather than in momentum spae: for instane, the dila-
ton X has been regarded as some (power of) a radius
and thus as a oordinate spae entity. However, these
interpretational issues are not pivotal for the present
disussion.
Despite of this sizable asymptoti deformation the
salar urvature for the primed zweibein reads
R(r) ∼ r−2/(1−a) . (21)
Thus, the asymptotially flat region remains asymptot-
ially flat after the deformation, whih is an attrative
feature and indiates that it may be sensible to talk of
an asymptoti region even in the deformed ase.
It should be emphasized strongly, though, that one
should not over-interpret results extrated from a met-
ri whih does not possess the (deformed) Lorentz in-
variane.
4. Conlusion
We have shown that κ-deformed dilaton gravity in 2D
is either lassially equivalent to a orresponding unde-
formed model (and thus the deformation would be triv-
ial) or one has to deal with a non-invariant metri.
However, this does not imply that all deformations
are without effet. In partiular, the question of the or-
ret metri turns out to be a non-trivial one, even after
imposing the invariane ondition. This will be the sub-
jet of work in progress dealing with these issues in a
muh more omprehensive manner [22, 23℄.
We stress that only the lassial part of the full κ-
deformed Poinare bialgebra is being used in our on-
strution. Our proedure may be as well alled deformed
gravity with an invariant energy sale. An interest-
ing development may onsist in a ombination of the
4
The words metri and zweibein have been put under quotation marks to indiate that this nomenlature is too suggestive.
Neither ea
′
nor g′
µν
transform as the notation seems to promise (unless κ is taken to ∞).
5
It is somewhat amusing that D = 4 is the limiting ase.
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Poisson-σ models with the quantum algebra approah
to DSR desribed in the reent papers [24℄.
It also would be worthwhile to investigate to whih
extent our onlusions depend on a partiular hoie of
the basis in the κ-deformed Poinare algebra.
During the final preparations of this proeedings on-
tribution an e-print appeared whih has partial overlap
with our disussion [25℄. The authors of that paper on-
lude that DSR is operationally indistinguishable from
speial relativity.
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